We investigate the generation of nonlinear operators with single photon sources, linear optical elements and appropriate measurements of auxiliary modes. We provide a framework for the construction of useful single-mode and two-mode quantum gates necessary for all-optical quantum information processing. We focus our attention generally on using minimal physical resources while providing a transparent and algorithmic way of constructing these operators.
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We investigate the generation of nonlinear operators with single photon sources, linear optical elements and appropriate measurements of auxiliary modes. We provide a framework for the construction of useful single-mode and two-mode quantum gates necessary for all-optical quantum information processing. We focus our attention generally on using minimal physical resources while providing a transparent and algorithmic way of constructing these operators.
I. INTRODUCTION
In recent years we have the seen signs of a new technological revolution in information processing, a revolution caused by a paradigm shift to information processing using the laws of quantum physics [1] . Since the pioneering work of Feynman [2] , Deutsch [3] , and Shor [4] a significant effort has occurred worldwide to develop the tools necessary to realise such a revolution. There are many possible routes and architectures [5, 6] available to develop these quantum information processing devices. It has long been thought that photons would be an extremely strong contender for realising some quantum information processing circuits [7] . Many of the photon's properties, for instance easy manipulation, have made them ideal for this. However, for scalable quantum information processing we require photons to interact with one another. To achieve such interactions it was known that massive reversible nonlinearities would be required [8] . Materials giving such large nonlinearities were thought to be (and are still) well beyond our ability to manufacture. Knill, Laflamme, and Milburn (KLM) however found a way to create such nonlinearities using only linear optical elements, single photon sources and detectors [9] . More precisely they showed how it is possible using such elements to perform conditionally the nonlinear transformation
The optical circuit (depicted in Fig. 1 ) creating this nonlinear transformation uses ancilla modes, one prepared with a single photon present and the other empty. The nonlinearity was induced by definite measurements of the presence of the single photon and the vacuum state in the appropriate ancilla modes. This insight has reopened the door to all-optical quantum information processing. * Electronic address: s.scheel@imperial.ac.uk
Other optical schemes [10] have been proposed along the KLM line to generate such sign shifts [11] [12] [13] [14] . These operations are generally conditional in nature. By this we mean the transformation only works when the appropriate measurement results are obtained at the ancilla detectors. While this would seem to limit the viability of the information processing, it is straightforward however by using a teleportation-based protocol to turn such nondeterministic operations into deterministic ones [9, 15] . There have been a number of key experiments demonstrating elements of linear optical information processing [16] [17] [18] . These have generally focused on the technology necessary to perform single-qubit rotations and CNOT gates. Such gates are well known to be sufficient to perform universal computation (they are the minimum set required). From these primitive elements interesting devices such as Quantum Repeaters [19] and single-photon quantum non-demolition detectors [13] can be created. In this paper we wish to shift the focus slightly. Instead of using only these primitive gates we will investigate what operations can be constructed from linear elements, single photon sources, and detectors. This shift is analogous to the shift in classical computing from a RISC (reduced instruction set) architecture to the CISC (complex instruction set) architecture. The RISC-based architecture in quantum computing terms could be thought of as a device built only from the minimum set of gates while the CISC-based machine would be built from a much larger set, a natural set of gates allowed by the fundamental resources.
Our primary focus in this paper will be on the operations that can be constructed from the linear optics set. We show how to construct general operators that can be applied to the required input states. We further indicate what operations are easily constructed and what are potentially difficult, illustrating our constructive procedure with examples from one-mode and two-mode situations. Our constructive procedure can easily be applied to multiple modes. The inputs to the computational modes do not need to be restricted to qubits only: the operations can be applied onto qudits and continuous variables just as easily.
This paper is organised as follows. In Sec. II we will derive some general expressions necessary for the construction of useful nonlinear operations. In Sec. III we will be concerned with single-mode operations, followed by two-mode operations in Sec. IV. Until then, we assume perfect beam splitters and detections which is an oversimplification, indeed. We will therefore focus on the effects of absorption and non-unit detection efficiencies in Sec. VI before drawing some conclusions in Sec. VII. Some useful formulae regarding permanents of unitary matrices can be found in the Appendix.
II. GENERAL BEAM-SPLITTER TRANSFORMATION
In order to introduce the notation we will be using throughout the paper we will briefly review the most basic features of quantum-state transformation by a lossless beam splitter. We refer the reader to the extensive literature for details [20] . Every (lossless) beam splitter can be thought of as a unitary operator on the level of photonic creation and annihilation operators of the incoming and outgoing fields, i.e.
whereÛ is a unitary operator and Λ the associated unitary matrix [Λ ∈ SU(2)]. The transformation matrix Λ consists of the transmission and reflection coefficients T and R and can be given in the form
Unitarity of Λ requires |T | 2 + |R| 2 = 1 which leads to the usual definition of the beam splitter 'angle' ϕ by writing |T | = cos ϕ, |R| = sin ϕ. The unitary operatorÛ can be given in several equivalent forms, two of which are the following:Û
The effect of the beam splitter cannot only be described by transforming the photonic operators, but equivalently by transforming the quantum stateˆ aŝ
Noting that the input density operatorˆ in can be written as a functional of photonic creation and annihilation operators,ˆ in =ˆ in [â,â † ], the quantum-state transformation can be represented aŝ
that is, the state transforms with the inverse operator [21, 22] . On the level of quantum states we thus have to perform the replacementŝ
We will use Eq. (9) extensively throughout the paper. Suppose we were given an input state with N modes with the associated creation and annihilation operators labelled byâ ( †) i , i = 1 . . . N . Additionally, we have a supply of M auxiliary modes labelled byâ ( †) j , j = N + 1, . . . , N +M . Then, a general unitary transformation on all the modes mapsâ † → Λ Tâ † , Λ ∈ SU(N + M ). What we mean precisely by SU(N +M ) is a unitary operator on the level of photonic creation and annihilation operators in N +M dimensions. In what follows, we will only make use of the unitarity of the corresponding matrices and will not further elaborate on the actual underlying group structure. In order to construct our quantum operations we will use the decomposition of an arbitrary element of the group SU(N ) into at most N (N − 1)/2 U(2) group elements, i.e. beam splitters [23] .
First, let us define our notation. By |0 ⊗N we mean the tensor product state |0 1 |0 2 . . . |0 N . Let the input state now be given in a functional form as
and the auxiliary state in product form as
Here m j is a non-negative integer that represents the number of photons initially in the mode j. Finally, the state we project on shall be denoted by
where n j represents the number of photons in the projected mode j. The output state after mixing at the beam splitter network and projecting onto |ψ proj looks then as
What we see here is that the effect of the beam splitter network is to generate the desired mixing of the photonic creation operators of signal and auxiliary modes. Now we make use of the ordering formula well-known from bosonic operator algebras (see, e.g., [24, 25] )
to rewrite the output state as
Furthermore, we expand the functionf (â † 1 , . . . ,â † N ) in a Taylor series aŝ
(16) where c p1,...,pN is constrained in such a way that N p1,...,pN =1 |c p1,...,pN | 2 = 1. In that way we obtain the action of a SU(N + M )-network in a quite general way. In general, this can be a laborious task. In order to see the structure behind it, let us focus first onto single-mode signal states. That is, the input state will be
and the network will represent an element of the group SU(N + 1). In what follows we will restrict ourselves to the important special case when our resources consist of single photons and single-photon detectors. In this case, we can derive a number of interesting results. Let us first start with a very simple (and in fact well-known) example, a single beam splitter. Feeding a single photon in one input arm of the beam splitter and measuring a single photon leaving one output port of the beam splitter, we have in fact created the conditional non-unitary operator [using Eq. (5)] [26]
acting on some signal state |ψ in (see Fig. 2 ). This is a very special result and probably the simplest non-unitary operator one can actually generate. This conditional operator has already been realised in an experiment [27] where it is called 'quantum-optical catalysis'. In the following we will present some results on the general structure of conditional non-unitary operators. 
The conditional (un-normalised) output state is therefore
Apart from normalisation (or success probability), which depends on the chosen input state, the output state is proportional to the N -fold application of the creation operator.
In complete analogy, we can prove the following: Proof : Again, let us first write down the auxiliary and the detected state:
Acting on the input state gives
where in the last line we have repeatedly made use of the formula
which immediately follows from the commutation relations of the photonic operators. This proves that, indeed, measuring N photons from an N -mode auxiliary vacuum input is equivalent to acting N times with the annihilation operator on the signal state.
Propositions 1 and 2 show how to generate arbitrary powers of creation and annihilation operators. In fact, one could have already guessed the general form of these operators by recalling that the network is represented by an element of the compact group SU(N + 1). Compactness of the group translates into photon-number conservation which is why adding (subtracting) N photons from the auxiliary modes must end up as subtracting (adding) photons from (to) the signal mode. Note that in both cases only the matrix elements Λ i1 or Λ 1i (i = 2, . . . , N + 1), respectively, appear. This means that the network decouples into a sequence of N disconnected beam splitters. That is already the minimal number of beam splitters necessary for the generation of the wanted operators.
The next step consists of showing how powers of the number operator can be realised. In fact, an obvious way would be to combine the results from Propositions 1 and 2 and to construct an alternating network producing sufficient numbers of creation and annihilation operators. This might not be the most sensible way to do. In fact, as we will see later, the following result has much stronger implications for the construction of interesting quantum operations.
Proposition 3:
Measuring single photons in all N detectors from a supply of N single-photon auxiliary state amounts to multiplying the input state with a polynomial of N th degree in the number operator, P N (n 1 ) ( Fig. 4 ). Proof : We will only sketch this proof and calculate the highest power ofn 1 and leave the remaining terms for an interested reader to calculate. Given that we choose the auxiliary and detected states of the form
the output state can be written in the following way:
In the first term the factorialn 1 !/(n 1 − N )! is a polynomial of order N inn 1 and thus the desired result. All other terms (not written except for the last, in lowest order inn 1 ) contain lower-degree polynomials [28] . This proves the assertion. The simplest example of this proposition is a single beam splitter the result of which we have already seen in Eq. (5). However, with the above propositions, we can immediately generalise our considerations to obtain the following results:
1. Given that the following for ancilla and detected modes
the output state will be
We immediately see that this procedure has allowed us to act on the input state with the creation operator (â † 1 ) M .
Analogously, with
In both situations we have, with the aid of linear optics, single photon sources and detectors, been able to operate on the input state |ψ in with bothâ M 1 and (â † 1 ) M . Let us now turn our attention to single-mode operations that are of interest in connection with quantum information processing.
III. SINGLE-MODE OPERATIONS
From now on we will focus onto the generation of unitary operators which are of utmost importance for most quantum information processing tasks. For all unitary operators it is easy to define the success probability, since unitary operators leave the norm of a quantum state unchanged. Since these operatorsŶ are prepared conditionally, the success probability is just
for any (normalised) state vector |ψ . We can derive some interesting results about these unitary operators. For example, let us suppose our input state is a single-mode state consisting only of elements in the zeroth and first Fock layer. It is clear that all operations on |ψ in of the type
can be realised with a probability of p = 1, since unitary operations simply consist of phase shifts of the |1 state. A special example with ϕ = π is the Pauli-σ z .
Going one step further we may ask what the conditions are for generation of unitary operations on single-mode states with up to two photons. It is reasonable to assume that we would need at least an SU(3)-network, that is, two auxiliary modes. In fact, we find that every unitary single-mode operator acting on states with up to two photons, separately in each Fock layer, can be generated by an SU(3)-network with two single-photon inputs and two single-photon detections. In order to show that, let us first calculate the conditional operator for the SU(3)network with |ψ aux = |ψ det = |11 . We get
It is known that the range of per Λ (as a function of all its relevant parameter) is the unit disk in the complex plane [29] (see Appendix). In fact, so is the range of any principal sub-permanent per Λ(i|i). This can be seen from the decomposition of an SU(3)-matrix in terms of a product of three SU(2)-matrices [23] which themselves have a range spanning the unit disk. Therefore, it is immediately clear that we can again generate any phase e iϕ1 between the states |0 and |1 . As for the two-photon Fock layer, we can rewrite the coefficient in Eq. (29) to obtain a condition on the matrix Λ as
where e iϕ2 is the phase shift between |0 and |2 . The modulus of the rhs of Eq. (30) can be shown to be bounded from above by 8/(27|Λ 11 | 2 ) by noting that i Λ 1i is the product of the elements of a unit vector. Noting also that the principal sub-permanent per Λ(1|1) can take any value across the unit disk we can conclude that Eq. (30) has always a solution. This in turn means that every unitary single-mode operator acting within Fock layers on states with up to two photons can be generated by an SU(3)-network with two single-photon inputs and two single-photon detections which was to be proven. The probability of success is |per Λ(1|1)| 2 . It is also possible however to create certain phase shifts with the necessity for two ancilla photons. For instance, in [9] it was shown that a sign shift on the |2 Fock state only is possible with the ancilla state |10 .
IV. TWO-MODE OPERATIONS
In order to do something useful in terms of quantum information processing, we have to operate on two modes simultaneously. This can be done in more than one way. For example, one can simply generalise the theory presented above for a single signal mode to more than one signal mode. It turns out that this is not a very transparent way. We will follow another route instead and decompose the two-mode operation into three subsequent steps:
1. combine the two modes at a beam splitter, 2. act on both modes separately, 3. and recombine the modes at another beam splitter.
The effect of the beam splitters is to mix the modes and to make them accessible for a single-mode operation in such a way that we can apply the result in Sec. III.
A. The 'controlled-phase' gate
We will illustrate this statement with an example. Consider the two-mode operatorĈ ϕ acting on qubits. Its truth table is
In terms of photon creation and annihilation operators the operatorĈ ϕ can be represented aŝ
Now let us assume that we mix the signal modes at a symmetric beam splitter. The operatorĈ ϕ acts only in the two-photon Fock layer. Then it is very easy to see that with (nonlinear) single-mode operatorsN i = 1 − 1 2 (1−e iϕ )n i (n i −1), i = 1, 2, we achieve a transformation of an input state |ψ in = c 00 |00 + c 01 |01 + c 10 |10 + c 11 |11
intô C ϕ |ψ in = c 00 |00 + c 01 |01 + c 10 |10 + c 11 e iϕ |11 . (34)
SU (2) SU (2) SU (2) SU (2) SU (2) SU (2) SU ( The nonlinear operator needed on both modes are polynomials of second degree in the number operatorsn i and can thus be prepared conditionally with two auxiliary modes prepared in single-photon Fock states on each side followed by double single-photon detection. Hence, the overall requirements are four single-photon sources, eight beam splitters, and four single-photon detectors. The generic network is shown in Fig. 5 . The detectors all measure single photons. We can write down the conditional operator aŝ
The success probability is |per Λ(1|1)| 2 . Numerically, we find values up to p success ≈ 0.24 in each interferometer arm.
However, it turns out that there is an even simpler network with only six beam splitters and two single-photon sources [12] . It has the disadvantage, though, that one needs two vacuum detectors which are hard to make (and which are pretty inefficient). The corresponding network is shown in Fig. 6 . The set of beam splitters fed with vac- uum states act as conditional phase shifts. In summary, we find that the beam splitters must satisfy
which gives a success probability of p success ≈ 0.23 in each arm, hence a total success probability of ≈ 0.05. Let us remark that the controlled-σ z investigated by Ralph et al. [12] falls into the same category as that described in our Fig. 5 . The difference is that one of the single photons in each arm of the interferometer is replaced by the vacuum state and the single-photon detector by a vacuum detector [30] , respectively. This network corresponds to the following conditional operator:
The probability of success is |Λ 22 | 2 . One needs to satisfy the set of conditions
from which it immediately follows that Λ 11 = 1− √ 2. The maximal value |Λ 22 | 2 can take under the constraints (40) is then indeed 0.25 which is why the gate in Ref. [12] is indeed optimal.
B. The 'swap' gate
A somewhat more interesting operator is the swap op-eratorŜ in the sense that here we encounter the first example of an operator that needs fewer resources than one would expect when considering CNOT and singlequbit rotations as building blocks for quantum circuits. It is known that it can be made from three CNOT oper-atorsˆ C (equivalent to controlled-σ z gates with attached Hadamard gates). Acting on qubits, one can write the photonic-operator version of it aŝ S =n 1n2 +(n 1 −1)(n 2 −1)−â † 1â 2 (n 1 −1)−â † 2â 1 (n 2 −1) . (42) Let us see how the single-mode version ofŜ can be derived. It is immediately clear that we have to act on the single-photon Fock layer only. It turns out that the nonlinear single-mode operators arê
which means that we do nothing on mode 2, and we act with a polynomial of second degree inn 1 on mode 1. Therefore, we would need only two single-photon sources, four beam splitters, and two single-photon detectors.
However, the operatorN 1 , when acting on Fock states |n , is nothing but a single-mode phase shift (−1)n 1 . That is, the whole network collapses into a single πphase plate in one arm of the Mach-Zehnder interferometer leaving us with just two beam splitters and one phase plate. This gate is remarkable in the sense that it is also unconditional, that is, it works deterministically with unit probability which makes it rather special. These two simple examples show a general principle of constructing these networks. Both operators have in common that they act only within a specific Fock layer (Ŝ: one photon;Ĉ ϕ : two photons). One then projects out all those Fock layers which are not affected by the operator. This leads to the polynomials in the number operators. The design of the polynomial coefficients in each case depend on the specific operation one wants to achieve.
C. General considerations
A general conclusion can already be drawn from the results on one-and two-qubit operators: It is highly desirable to rewrite the quantum information network in such a way that the actual computation can be made as long as possible in the same Fock layers. Every crossing to another layer (cf. the Pauli operatorsσ x andσ y ) requires additional resources which might not be necessary. This leads us to state our main result of this paper:
Theorem: The generic operations that can be done easily and effectively with linear optics are operations within the same Fock layers. Let M be the number of signal modes we want to operate on. Any M -qubit gate acting within Fock layers can be constructed with the help of generalised Mach-Zehnder interferometers with M input and output ports (2M -ports for short) and at most M conditional operators generating polynomials in the number operator of at most M th order (equivalent to SU(M + 1)-networks). Proof : The proof of this assertion is now straightforward. Any operator acting within Fock layers can be written as a polynomial of at most M th order in all photon number operators. The 2M -port mixes all the M input modes in such a way that we are left with a tensor product of M operators inbetween the 2M -ports conditionally generating polynomials of at most M th order in the individual photon number operators.
This result shows how to construct these operations in an algorithmic fashion. That is what we mean with 'easy'. Since there is no inherent exponential scaling of the success probability with respect to the number of modes (qubits) we act on, there is a good reason to call them also 'effective'.
Unfortunately, not all two-qubit gates can be written in terms of a Mach-Zehnder interferometer and appropriate single-mode operations. Perhaps the most notorious example is the CNOT gate. Although similar to the controlled-σ z , there is no way to find an interferometric setup that 'disentangles' the two modes in such a way that there existed single-mode operators that performed the sought task. The proof of this statement goes along the following lines: Let us callÛ (ϕ) the beam splitter operator that rotates the qubit axes by an angle ϕ [see Eq. (5); a Mach-Zehnder interferometer would consist of a succession of two of these operators with opposite angles]. Here, we seek a transformation of the following type:
with the two (conditional) nonlinear operatorsN 1 and N 2 . A lengthy but straightforward calculation shows that the operator sandwiched between the beam splitters does not have tensor-product structure and thus cannot be regarded as single-mode operators. In order to show that, we use a matrix technique. Let us define a basis vector |e as
Then, the input state |ψ in can be written as
In this basis the vector c T in = (c 00 , c 10 , c 01 , c 11 , 0, 0) transforms as
where the matrices U(ϕ) etc. are the matrices corresponding to the operatorsÛ (ϕ) etc. in the basis |e (these are not to be confused with the beam splitter or transformation matrices used earlier on). For example, a beam splitter is represented in this basis by the matrix
(48) with |T | = cos ϕ and |R| = sin ϕ. The tensor product of the two single-mode operators looks in this basis like
It is then relatively straightforward to show that there exists no solution to Eq. (47) with a matrix of the form (49) that produces an output vector c T out = (c 00 , c 10 , c 11 , c 01 , 0, 0). Therefore, in order to build a CNOT gate, we would have either to refine our approach to include more general interferometric setups (for which the original Knill-Laflamme-Milburn proposal is an example) or sandwich a controlled-σ z gate between two Hadamard gates which we will show in the next section to be rather expensive.
V. CROSSING FOCK LAYERS
Equipped with the knowledge about generating annihilation and creation operators, we can start working on realisations of other operations that are harder to do but nevertheless needed to construct general quantum networks. By our Theorem, the 'easy' operations are those that act within the same Fock layers. It is much harder to find suitable networks for operators that enable us to cross Fock layers [11] . The obvious choice consists of looking at single-qubit rotations first, i.e. the representations of the Pauli operators in the Fock basis,
The construction of the corresponding photonic operators is almost obvious, once one takes care of the fact that one must not leave the Hilbert space of the qubits.
Then it is clear that we have to choosê
In order to proceed further, we need a well-known result from quantum-state engineering.
Proposition 4: Suppose one wants to generate the quantum state
Then one needs n single-photon sources, at most n coherent-state sources, and at most 2n beam splitters and detectors.
Proof : The proof of this proposition follows closely the result in [31] where it has been shown that the state |ψ n can be generated by successive single-photon additions and coherent shifts. The trick is to rewrite the state as
which is nothing but a decomposition of the polynomial inâ † into its root factors, where the α * k are the roots of the polynomial.
Having generated the state |ψ n , one can go ahead and imprint it onto another state by mixing at a beam splitter. That leads neatly to Proposition 4a: The polynomial
can be made to act upon a signal state by mixing the stateP n |0 and the signal state at a single beam splitter.
Proof : Let us assume that the signal state is again of the form
Mixing |ψ in andP n |0 at a beam splitter, conditional on the second output being found in the vacuum state, we obtain after a short calculation
from which we see that the coefficients have to be sufficiently rescaled to achieve the desired goal.
In the same manner one can generate polynomials of annihilation operators by projecting onto an engineered state. Combining both processes opens up the opportunity to generate arbitrary polynomials of creation and annihilation operators. However, this might not be the best choice since doing quantum-state engineering of higherorder polynomials is, as we have seen, an expensive task. Therefore, it might be advantageous to circumvent the problem of leaving the Fock layers of zero and one photon by projecting back onto this subspace after performing a simplified version of the desired quantum operation. For this, we introduce the KILL operatorK aŝ
which, being a second-order polynomial in the number operator, requires two single-photon sources, two beam splitters and two detectors. The Pauli operators can then be written asσ
With the theory presented above, we could go ahead and generate superposition states |0 + |1 with the help of Proposition 4a, superpose them onto the signal mode and perform a projection measurement onto a similar state. However, we will present a slightly different and more elegant method of achieving this purpose. Instead of preparing two copies of the superposition of vacuum and a single photon, we could prepare a Bell-type state ∼ |0, 0 + λ|1, 1 by the following method. Let us take a two-mode squeezed vacuum state of the form
and perform a Procrustean [32, 33] entanglement concentration by acting on one mode of it with a first-order polynomial of the number operator as explained in the example (5) . For appropriately chosen transmission coefficient T of the beam splitter, we can generate in the limit q → 0 the state
to arbitrary accuracy in the trace-norm and for arbitrarily chosen λ (details of this procedure can be found in [34] ). Using this state as the auxiliary-state source in an SU(3)-network that projects onto |1, 0 , we derive the following operation after applying the KILL operator:
Choosing |Λ 21 | = |λ per Λ(3|1)| with an appropriate phase relation immediately leads to the desired Pauli operators.
A remark concerning the usage of continuous-variable states as resource is of order here. In the described version of the Pauli operators we inject a two-mode squeezed vacuum state into our network. This seems a simple and elegant method for getting the desired result. In fact, we cannot see a way around the usage of continuous-variable states at all, since even for the creation of the superposition |0 + |1 , by Proposition 4, a coherent-state source is needed to displace the photon creation operatorâ † . A similar conclusion was reached by Lund and Ralph [11] .
Another very important single-qubit operation is the Hadamard gate, defined by
This can also be written in operator form aŝ
where the number operator is the one from the signal state! That is, we swap signal and auxiliary states in the sense that we first produce a superposition of |0 and |1 and act conditionally on it with the signal state. Effectively, the Hadamard gate becomes a (controlled) σ z operation on the (auxiliary) superposition state (|0 + |1 )/ √ 2. In fact, one can rewrite the operatorĤ aŝ
which is effectively a two-mode operator. This is precisely the controlled-σ z where we the second output is left unmeasured (sometimes called the DUMP 'gate'). However, leaving something unmeasured usually means to trace over the possible outcomes which will destroy the purity and coherence of our desired operation. The way around this problem is to act on the resulting signalmode output with an operator 1 +â † (which can be prepared according to Proposition 4a) and then to project onto the single-photon Fock state. Form this rather complicated construction we observe that the Hadamard gate, and consequently also its multimode extension, the quantum Fourier transform, are the hardest of all gates under investigation so far. This result impacts the generation of gates that actually make use of similar layer-crossings as the CNOT gate. For these type of operations it seems that the constructive algorithm we have presented in this article is not immediately applicable and this problem requires further investigation.
VI. LOSSY BEAM SPLITTERS AND NON-PERFECT DETECTORS
So far, we have restricted ourselves to perfect linear optics, i.e. non-absorbing beam splitters and detectors with unit efficiency. In practise, to achieve this situation is a hopeless task. Instead, we have to make do with absorbing linear optical elements and non-perfect detectors. What this amounts to in terms of constructing our gates will be described in this section.
A. Kraus decomposition
We derive the Kraus decomposition of a lossy beam splitter. It is known that an absorbing beam splitter represents a unitary evolution in the extended Hilbert space of field and device modes. The unitary operator can be written as [35] 
where we use the notation
Assume now the device to be initially in its vacuum state |0 3 , 0 4 . Then we can write the density operator of the output field aŝ
and evaluate the trace in the coherent-state basis aŝ
where we have defined the Kraus operatorsÊ α3,α4 aŝ
They can be further simplified by using the relation [36] eâ
by writing
where we have used the definitions
Therefore, we obtain the result that the Kraus operators for the absorbing beam splitter arê
We can easily check that these operators become unitary when absorption can be disregarded as T becomes unitary (and therefore Φ T hermitian), and S vanishes. The integration over (α 3 , α 4 ) can then be performed and gives unity. What we also see is that these Kraus operators indeed correspond to an absorption process for which the factor exp[−α + SC −1 Tâ] is responsible.
B. Non-perfect detectors
Second, we model a non-unit detector efficiency η by replacing the projector |n n| by an appropriate POVM [26] |n n| →Π(n) = k k n η n (1 − η) k−n |k k| . (82)
This method does not take care of possible dark counts but reflects the fact that direct photon counting may give values for the photon number n that actually came from higher Fock states |k , k > n. This POVM is sometimes modelled by a perfect detector preceded by a beam splitter with appropriately chosen transmissivity |T | 2 = η.
C. Example: a single beam splitter
Let us consider a somewhat artificial example which nevertheless shows what happens when absorption and/or non-perfect detectors are present. Suppose we were to implement the Pauli-σ z gate with a single beam splitter, a single-photon source and a single-photon detector (note that this could have been done deterministically with a phase plate). We start off with a signal mode in a state c 0 |0 + c 1 |1 and mix it with a single photon. The effect of the absorbing beam splitter is to produce a mixed state that can be written in the form
where |ψ in (T) is the state transformed with the (nonunitary) transmission matrix T and |φ(A) is a contribution that solely comes from the absorption matrix A. We do not give the rather lengthy expression here. Instead, we immediately give the result for the non-normalised density matrix after applying the POVM (82) aŝ The first line is the wanted outcome in which the transmission matrix can be chosen to give the desired answer. The second line comes from the inefficient detector, hence the POVM introduced in Eq. (82), whereas the last two lines are the contributions due to the lossy beam splitter, reflected in the appearance of the matrix M that contains the absorption matrix. The last expression can be simplified using the fact that MM + = 1 1 − TT + to obtain
This expression shows that it is only necessary to know the experimentally accessible transmission and reflection coefficients of the beam splitter that make up the matrix T. Now we make use of the fact that we actually wanted to generate a Pauli-σ z gate, meaning that we set in Eq. (85) T 11 T 22 + T 12 T 21 = −T 22 . With that we finally obtain for the (still unnormalised) output density matrix out,1 = η|T 22 | 2σ z |ψ in ψ in |σ z +4η(1 − η)|c 1 | 2 |T 12 | 2 |T 22 | 2 |0 0| +η|c 1 | 2 |T 12 | 2 − 4|T 12 | 2 |T 22 | 2 − 3|T 22 | 2 |0 0| .
The success probability for perfect operation is p success = |T 22 | 2 . A note of caution is appropriate here. Since we have fixed T 22 already, by reciprocity we have also fixed T 11 = T 22 = T . For single-slab beam splitters that fixes T 12 = T 21 = R, too, so that we are left with essentially a single number determining the fidelity of our desired gate operation. To be more precise, note that |T | 2 + |R| 2 + |A| 2 = 1 (setting |A| 2 = |A 11 | 2 +|A 12 | 2 = |A 21 | 2 +|A 22 | 2 ), and suppose that T ∈ R. Then we immediately have that R 2 ∈ R, and choosing arg R = π/2 we arrive at
With this choice for T 22 ≡ T we finally get out,1 = η(2 − |A| 2 − 3 − 2|A| 2 )σ z |ψ in ψ in |σ z +η(1 − η)|c 1 | 2 |A| 4 − 3 + 2 3 − 2|A| 2 |0 0| +η|c 1 | 2 |A| 2 (1 − |A| 2 )|0 0| (89) which now only depends on two parameters, the absorption coefficient |A| of the beam splitter and the detector efficiency η. Again, the first line is the desired result, the second is due to the non-perfect detector, and the last line is the contribution of the absorption. Two special cases are notable here:
1. Without absorption (|A| = 0), the third line in Eq. (89) vanishes and the numerical coefficient in the second line takes the value of 2 √ 3 − 3 ≈ 0.464.
2. With perfect detectors (η = 1), the second line vanishes and we are left with a contribution |A| 2 (1 − |A| 2 ) to the vacuum from the last line.
In principle, one could define a (state-dependent) gate fidelity or use some more elaborate definition such as an average fidelity integrated over all possible input states (with respect to some Haar measure) but this is beyond the scope of this article.
VII. CONCLUSIONS
In this paper we have shown a constructive mechanism for generating arbitrary operators using only linear optics, single-photon sources, and single-photon detectors. We have focused our attention primarily on one-mode and two-mode situations, though the approach is easily extended to multimode situations. We have shown what operations are easy and what are potentially difficult. Operations that cause a change in the Fock layers (for instance the Hadamard operator) are generally difficult but not impossible. While the generation of the operators is generally conditional on certain measurement results in the ancilla modes, the operators can be made deterministic using various teleportation protocols. Finally we hope this paper shows the power in building the required operations from the fundamental resources rather than fundamental gates. The SWAP operation illustrates this point extremely well. From fundamental gates, three CNOTs are required to build such an operation, however from fundamental resources, only two beam splitters and a phase shifter are necessary. This approach open a new way to think about operation generation.
